Every positive definite Fourier hyperfunction is a Fourier transform of a positive and infra-exponentially tempered measure, which is the generalized Boehner-Schwartz theorem for the Fourier hyperfunctions. To prove this we characterize the distributions with exponential growth via the heat kernel method. 
§0. Introduction
It is well known in the theory of distributions that ( i ) Every positive distribution is a measure.
(ii) Every positive tempered distribution is a tempered measure. (iii) (Boehner-Schwartz) Every positive definite (tempered) distribution is the Fourier transform of a positive tempered measure.
Recall that a generalized function u is said to be positive if u(cp}>0 for every nonnegative test function cp and is said to be positive definite (or of positive type in Schwartz [12] ) if u (cp * <p) ^ 0 for any positive test function (p, where cp(x) =cp( ~x) . Also, a positive measure // is asid ro be tempered if for some p ^ 0
In this paper we will generalize the above theorems to the generalized functions including hyperfunctions, Fourier hyperfunctions, and furthermore Aronszajn traces of analytic solutions of the heat equations, which we will call Aronszajn traces hereafter, as follows. Here, a positive measure fi is said to be infra-exponentially tempered if for every
To prove these main theorems we represent the above generalized functions as the initial values of smooth solutions of heat equations. Using this heat kernel method Matsuzawa gives structure theorems for distributions, hyperfunctions in [9, 11] and we give structure theorems for ultradistributions, Fourier hyperfunctions in [3, 10] as follows : Let U(x, t) be a solution of the heat equa-
is uniquely determined as a distribution. Also, if U (x, t} is of 0 (exp e/t) (0 (exp 6 (l/t + \x |) respectively) for every e> 0 the initial value u (x) is uniquely determined as a hyperfunction (Fourier hyperfunction respectively).
In this paper refining this method more effectively we characterize the distributions with exponential growth and can prove the theorems on the positive hyperfunctions and positive and positive definite Fourier hyperfunctions, which have not been easy due to the sheaf theoretical definition of the hyperfunctions and Fourier hyperfunctions.
In Section 1 we introduce the real version of the space 3F of test functions for the Fourier hyperfunctions as in [10] and the space S&E of test functions for the infra-exponentially tempered distributions, and their strong dual spaces. Section 2 is devoted to the known results on the representations of distributions and Fourier hyperfunctions, and to derive the representation therorem for the space S&'E of the infra-exponentially tempered distributions, which are necessary in the next section. In Section 3 as the main section in this paper we prove the main results on the characterizations of the positive hyperfunctions and the positive Fourier hyperfunctions and on the generalization of Bochner-Schwartz theorem for the Fourier hyperfunctions. Finally applying the heat equation method again we prove that every positive Aronszajn trace which can be considered as the initial value of the solutions of the heat equation without any growth condition is also a positive measure in Section 4. We may say that this is the most general theorem on the positive generalized functions. §1. We will introduce the real version of the space ?F of Fourier hyperfunctions as in [10] and the space $E of distributions with infra-exponentially tempered growth which are necessary and important throughout this paper. It is easy to see the following topological inclusions:
The space ^# of test functions for Fourier hyperfunctions, which is originally defined by Sato~Kawai, is shown to be isomorphic to the space 3F in [10] .
Also, we give an equivalent definition for the space 9 via Fourier transform as follows.
Theorem 1.3 ( [3] ) . The space 3F consists of all locally integrable functions (p such that sup|<pOr)|exp
for some fo>0 and fe>0, where 0 (?) is the Fourier transform of (p.
Remark. The space J&E is slightly different from H (W 1 } given by Hasumi in [6] and Si given by Gelfand-Shilov in [5] . In fact, §2.
Representations of ®', d' E and 9'
We denote by E(X, t) the w-dimensional heat kernel:
Note that£(-, t) belongs to % for each t>0. Thus C/(x, i) =u v (E(x -y, i)) is well defined for u^SF' or w^j^V Consider the following initial value problem:
,
where u is a generalized function. Several authors succeeded in representing various generalized functions such as distributions, hyperfunctions, ultradistributions and Fourier hyperfunctions in [4, 9, 10, 11] as the initial values of solutions of the heat equation.
Theorem 2.1 ([11]). Let u e ®' and T> 0. Then there exists a C°° function U(x, t) in R
W X (0, T) which satisfies the following:
Conversely, if U (x, 0 i5 a C°° functions in R w X (0, T) satisfying (i) and (ii) unique u^ffi satisfying the relation (iii) .
Theorem 2.2 ([10]). Letu^y and T>0. Then U(x, t) =u v (E(x-y, t)) is a C°° function in R
W X (0, T) and satisfies the following:
T). (ii) For every £ > 0 and every k>Q there exists a constant
Conversely, every C°° function U (x, t) in W X (0, T) satisfying (i) and (ii) can be expressed in the form U(x, t) =u y (E (x~y, t)) with a unique element u^2F'.
In the rest of this section we are going to prove the following representation theorem for the space $ ' E of infra-exponentially tempered distributions which is essential to prove the main theorems. 
(ii) There exists N>0 such that for every fe>0 and for some C>0 Proof. Since E(X, t) belongs to J&E for each £>0, U(x, t} is well defined and a C°° function in IT X (0, T) for any T>0. Furthermore, U(x, t) satisfies
On the other hand, u ^ S&'E implies that there exists N> 0 such that for every &>0 and for some OO Take w=JV+2 where JV is a constant given in (ii) and consider the following function
U(x, t) = f°°[/(x, t+s)v(s}ds, CKKT/2. Jo
Then U(x, t} is a C°° function in R W X (0, T/2) and satisfies that for every
This implies that U (x, 0 can be continuously extended to R w X [0, T/2) . Moreover, we have (2.15) (d/dt-A) U(x, t) =0 in R w x (0, T/2).
Therefore, it follows from (2.14) and (2.15) that
(2.16) (~A) m U(x, t) = (-d/dt) m U(x, t) (x, t+s) a) (s)ds. o

If we put f*°°H (x, t) = -I U(x, t+s)a)(s)ds Jo then H (x, t) is also a C°° solution of heat equation in W X (0, T/2) which is continuously extended to R W X [0, T/2). Also, for every k>0 we have
\H(x, t) | <C exp k\x\ in R n X [0, T) .
Furthermore, if we define g (x) = U (x, 0) and h (x) -H (x, 0) then g (x)
and h (x) are continuous on R w and for every
Because of the uniqueness of the solutions of the heat equation we have
U(x, t) =fE(x~y, t)g(x)dx=g*E H(x, t)=JE(x-y, t)h(x)dx = h*E
where * denotes the convolution with respect to the x variable. Define u as
u=(-A} m g(x)+h(x).
Then, by (2.17) u belongs to S£'E. The first part of this proof implies that
Hence it remains to show that U (x, t) =u*E. In fact, it follows from (2.16) that u*E=(-A} m (g*E)+h*E = (-A} m U(x,t)+H(x,t)
Since the uniqueness of such U^S£'E is obvious this completes the proof. D 
Corollary 2.5 e If U^S£'E then there exist a positive integer m and continuous functions g (x)
Proof. Let U(x, t) =u*E and U(x, t) and H(X, t) be as in the above proof. Defining
we obtain by the similar argument as in the above proof .
n §3. Positive and Positive Definite Generalized Functions
In this section we will prove the main theorems on the positive and positive definite generalized functions. First we prove that every positive Fourier hyperfunction and every positive and infra-exponentially tempered distribution is a measure. Also, we will show that every positive hyperfunction is also a measure by an elementary method. Finally, we will show that every positive definite Fourier hyperfunction is the Fourier transform of a positive and infra-exponentially tempered measure, which is the generalized Bochner-Schwartz theorem for the Fourier hyperfunctions.
We first show that every positive element in S&'E is a measure satisfying some growth condition.
Theorem 3.1. Every positive generalized function in S&'E is an infra-exponentially tempered measure. Conversely, if [i is a positive and infra-exponentially tempered measure then it defines a positive generalized function u in J£'E in a sense that u((p) =J (p(x}d/J.(x),
Proof. Let U^^'E be positive. Then, since j^'^c:©' and u (<p) ^0 for every cp with (p>Q u must be a measure with We are now in a position to state and prove one of the main theorems which gives the general form of positive Fourier hyperfunctions.
Theorem 3.2. Every positive Fourier hyperfunction is an infra-exponentially tempered measure. Conversely, if jj. is an infra-exponentially tempered measure, then /JL defines a positive Fourier hyperfunction in a sense that u((p)=f(p(x}dfji(x),
Proof. By Theorem 3.1 it suffices to show that each positive element in 2F' belongs to s&' E . To prove this let u^2F' be positive. Then Theorem 2.2 implies that for every £>0 and k>0 there exists a constant C>0 such that (3.2) It/Or, t)\<C exp(7+feMJ in R"x (0, T)
where U(x, t) =u y (E (x-y, t) ). The positivity of u implies that for Q<t<c<T
7) U(x,c).
Since c is arbitrary we have
Hence combining (3.2) and (3.3) we obtain ,0<Cr w/2 exp(j7-<C(T)r w/2 exp k\x\ in R w x (0, T).
Then by Theoerm 2.4 u belongs to s2' E . Since the converse is obvious the proof is completed. D
We now give a characterization of positive definite Fourier hyperfunctions, which is the generalized Bochner-Schwartz theorem for the Fourier hyperfunctions. Here, we also make use of the heat equation method more effectively which makes the proof possible. 
(x, t) -(u v , E(x~y, t)).
Since u also belongs to 2F' we have 
is called a temperature function. In view of Theorem 2.1, 2.2, and 2.3 we expect that each temperature function with some growth condition defines a generalized function. The space of all temperature functions without any growth condition is just the space of Aronszajn traces given in [1] . In this section we will prove that every positive temperature function is a measure which can be the most general theorem on the positive generalized functions. For this the following lemma which is the several variables version of the result in [13] is needed. We are now in a position to state and prove the main result in this section. 
fE(x-y,s)U(y,5)dy
Since <5 is arbitrary the continuity of U(x, t) implies that
0<U(x, t)<(j) n/2 U(x,s), 0<t<s<T
2 [/(x, T), Q<t<T <C(T)r w/2 , x<EK, 0<a<T, which proves the theorem. D
Remark, (i) In fact, Widder [13] proved that every positive temperature function U (x, t} in R X (0, T) can be written in the form
(x~y, t)da(y)
where a is an increasing function. But this makes no sense for the sveral variable case, since the Stieltjes measure da deos not have any meaning. Therefore, the above theorem may be considered as a generalization of the result of Widder.
(ii) In [11] it was shown that every hyperf unction u is a initial value of temperature functions U (x, t) such that for every compact set K c: W 1 and for every £>0 |[/(x, t)\<C(K, e) exp (6/0 for (x, t) <EKX (0, T). Thus, Theorem 4.2 implies Theorem 3. 5.
